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For a linearly anisotropic elastic solid the components Cijkl of the tensor of elastic moduli satisfy the symmetriesCijkl ¼ Cklij ¼ Cijlk; ð1:1Þ
while the indices i, j, k, l take values 1, 2, 3.
The strong ellipticity condition states thatCijklninkmjml > 0; ð1:2Þ
for all non-zero vectorsm ¼ ðm1;m2;m3Þ and n ¼ ðn1;n2;n3Þ, where Einstein summation convention is assumed. The strong
ellipticity condition is of importance in discussing uniqueness, wave propagation (see e.g. Gurtin, 1972, p. 86), loss of ellip-
ticity in the context of the non-linear elasticity of ﬁbre-reinforced materials (see Merodio and Ogden, 2003) and also in the
study of spatial behaviour of the constrained anisotropic cylinders (see Chirita˘ and Ciarletta, 2006).
In this paper we consider the tetragonal system and use the standard notationc11 ¼ C1111; c22 ¼ C2222; c33 ¼ C3333; c44 ¼ C2323; c55 ¼ C3131; c66 ¼ C1212;
c12 ¼ C1122; c13 ¼ C1133; c14 ¼ C1123; c15 ¼ C1131; c16 ¼ C1121; c23 ¼ C2233;
c24 ¼ C2223; c25 ¼ C2231; c26 ¼ C2221; c34 ¼ C3323; c35 ¼ C3331; c36 ¼ C3312;
c45 ¼ C2331; c46 ¼ C2321; c56 ¼ C3112; ð1:3Þin order to write the strong ellipticity condition (1.2). Restrictions placed by symmetries in the seven crystal classes of the
tetragonal system are covered by the following two situations: (1) four classes, i.e. tetragonal-scalenohedral, ditetragonal-. All rights reserved.
x: +40 232 201160.
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(2) three classes, i.e. tetragonal-disphenoidal, tetragonal-pyramidal, tetragonal-dipyramidal providing an elasticity tensor
with seven elastic coefﬁcients. Thus, for the tetragonal system C5 (Gurtin, 1972) generated by Rp=2e3 , R
p
e1
(as usual, Rau repre-
sents the orthogonal tensor corresponding to a right-handed rotation through the angle a about an axis in the direction of
the unit vector u) the strong ellipticity condition (1.2) takes the following form:c11ðn1m1 þ n2m2Þ2 þ c66ðn1m2 þ n2m1Þ2 þ c33n23m23 þ 2ðc12  c11Þn1m1n2m2 þ 2c13ðn1m1 þ n2m2Þn3m3
þ c55½ðn3m1 þ n1m3Þ2 þ ðn3m2 þ n2m3Þ2 > 0; ð1:4Þfor all non-zero vectors m ¼ ðm1;m2;m3Þ and n ¼ ðn1;n2;n3Þ, while for the tetragonal system C4 generated by Rp=2e3 , it
becomesc11ðn21m21 þ n22m22Þ þ 2c12n1m1n2m2 þ c66ðn21m22 þ n22m21 þ 2n1m2n2m1Þ þ c55ðn21m23 þ n23m21 þ n22m23 þ n23m22Þ
þ 2ðc13 þ c55Þðn1m1 þ n2m2Þn3m3 þ c33n23m23 þ 2c16½n1n2ðm21 m22Þ þm1m2ðn21  n22Þ > 0; ð1:5Þfor all non-zero vectorsm ¼ ðm1;m2;m3Þ and n ¼ ðn1;n2;n3Þ. In this paper we establish explicit necessary and sufﬁcient con-
ditions in terms of the elasticities only in order to have fulﬁlled the above strong ellipticity conditions. The results are ex-
pressed by the following two theorems.
Theorem 1. Suppose that the symmetry of a linearly elastic material is represented by the tetragonal system C5 generated by R
p=2
e3 ,
Rpe1 . Then the elasticity tensor is strongly elliptic if and only ifc11 > 0; c33 > 0; c55 > 0; c66 > 0; ð1:6Þ
 2c66  c11 < c12 < c11; 2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
< c13 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
; ð1:7Þand, for ðc13 þ c55Þ2 > 12 maxð2c255; c33ðc11 þ c12ÞÞ, we haveðj c13 þ c55 j c55Þ2 < 12 c33½c11 þ c12 þminðc11  c12;2c66Þ: ð1:8ÞTheorem 2. Suppose that the symmetry of a linearly elastic material is represented by the tetragonal system C4 generated by Rp=2e3 .
Then the elasticity tensor is strongly elliptic if and only ifc11 > 0; c33 > 0; c55 > 0; c66 > 0; ð1:9Þ
c216 <
1
2
minðc66ðc11  c12Þ; c11ðc11 þ c12 þ 2c66ÞÞ < c11c66; ð1:10Þ
 2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
< c13 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
; ð1:11Þand, for ðc13 þ c55Þ2 > 12 maxð2c255; c33ðc11 þ c22ÞÞ, we haveðj c13 þ c55 j c55Þ2 þ 14 c33
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11  c12  2c66Þ2 þ 16c216
q
<
1
4
c33ð3c11 þ c12 þ 2c66Þ: ð1:12ÞRemark 1. It is a straightforward task to verify that when c16 ! 0 the relations (1.9)–(1.12) reduce to the set described by
relations (1.6)–(1.8). In fact, relation (1.10) givesc11  c12 > 0; c11 þ c12 þ 2c66 > 0; ð1:13Þthat is relation (1.7)1. While the relation (1.12) leads to (1.8).
Remark 2. If we consider the case of cubic system, that is we make c33 ¼ c11, c13 ¼ c12 and c55 ¼ c66, then the relations (1.6)–
(1.8) reduce toc11 > 0; c66 > 0; 2c66  c11 < c12 < c11: ð1:14Þ
In fact, the relation (1.8) is identically satisﬁed.
Remark 3. For an isotropic material we have c11 ¼ kþ 2l, c66 ¼ l and c12 ¼ k (k and l the Lamé coefﬁcients) and therefore,
the strong ellipticity condition (1.14) reduces tokþ 2l > 0; l > 0; ð1:15Þ
which coincides with the condition given in Gurtin (1972).
We can prove Theorem 2 by using a direct procedure like that used in the proof of Theorem 1 or by using the results
established in Theorem 1. It is this the reason for which we ﬁnd convenient to treat separately the above two classes of elas-
tic crystals.
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conditions for strong ellipticity in several classes of anisotropic linearly elastic materials. Previous results on the strong ellip-
ticity of transversely isotropic materials have been obtained by Padovani (2002), Merodio and Ogden (2003) and Chirita˘
(2006).
2. Strong ellipticity for tetragonal system C5 generated by Rp=2e3 , R
p
e1
(six elasticities)
In what follows we shall describe a procedure for establishing the restrictions placed upon the elastic coefﬁcients of the
tetragonal system in discussion by the strong ellipticity condition (1.4). To this end we ﬁrst rewrite (1.4) as½c55ðm21 þm22Þ þ c33m23n23 þ 2ðc13 þ c55Þðn1m1 þ n2m2Þm3n3 þ c55ðn21 þ n22Þm23 þ c11ðn21m21 þ n22m22Þ
þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2 > 0: ð2:1ÞFurthermore, we regard (2.1) as a quadratic equation in n3 2 R in order to deduce
c55ðm21 þm22Þ þ c33m23 > 0 for all m ¼ ðm1;m2;m3Þ 6¼ 0; ð2:2Þ
c55ðn21 þ n22Þm23 þ c11ðn21m21 þ n22m22Þ þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2 > 0; ð2:3Þandðc13 þ c55Þ2ðn1m1 þ n2m2Þ2m23 < ½c55ðm21 þm22Þ þ c33m23fc55ðn21 þ n22Þm23 þ c11ðn21m21 þ n22m22Þ
þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2g; ð2:4Þfor all non-zero vectors m ¼ ðm1;m2;m3Þ and n ¼ ðn1;n2;n3Þ.
As a direct consequence, from (2.2) we obtainc33 > 0; c55 > 0; ð2:5Þ
while the relation (2.3) impliesðc11m21 þ c66m22Þn21 þ 2½ðc12 þ c66Þm1m2n2n1 þ ðc66m21 þ c11m22Þn22 > 0: ð2:6Þ
By considering (2.6) as a quadratic in n1 2 R, we deducec11m21 þ c66m22 > 0;
c66m21 þ c11m22 > 0 for all ðm1;m2Þ 6¼ 0; ð2:7Þand½ðc12 þ c66Þm1m22 < ðc11m21 þ c66m22Þðc66m21 þ c11m22Þ for all ðm1;m2Þ 6¼ 0: ð2:8Þ
Consequently, the relation (2.7) impliesc11 > 0; c66 > 0; ð2:9Þ
and inequality (2.8) becomesc11c66ðm21 m22Þ2 þ ðc11 þ c66Þ2  ðc12 þ c66Þ2
h i
m21m
2
2 > 0: ð2:10ÞTherefore, if we choose m1 ¼ m2, then we obtain the restriction
j c12 þ c66 j< c11 þ c66: ð2:11ÞLet us now consider the relation (2.4) and note that it can be written asc33c55ðn21 þ n22Þm43 þ fc255ðm21 þm22Þðn21 þ n22Þ þ c11c33ðn21m21 þ n22m22Þ þ c33c66ðn21m22 þ n22m21Þ
þ 2c33ðc12 þ c66Þn1m1n2m2  ðc13 þ c55Þ2ðn1m1 þ n2m2Þ2gm23 þ c55ðm21 þm22Þfc11ðn21m21 þ n22m22Þ
þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2g > 0; ð2:12Þfor all m3 2 R and for all non-zero vectors ðm1;m2Þ and ðn1;n2Þ. Therefore, if we setm23 ¼
1ﬃﬃﬃﬃﬃﬃ
c33
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21 þm22
n21 þ n22
s
fc11ðn21m21 þ n22m22Þ þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2g1=2; ð2:13Þinto relation (2.12), we deducej ðc13 þ c55Þðn1m1 þ n2m2Þ j< c55
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm21 þm22Þðn21 þ n22Þ
q
þ ﬃﬃﬃﬃﬃﬃc33p fc11ðn21m21 þ n22m22Þ
þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2g1=2; ð2:14Þ
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Let us ﬁrst note that, by setting n1 ¼ km1, k 2 R, and n2 ¼ m2 ¼ 0, the relation (2.14) impliesj c13 þ c55 j< c55 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
: ð2:15ÞMoreover, we can write the relations (2.11) and (2.15) as c11  2c66 < c12 < c11; ð2:16Þ
 2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
< c13 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
: ð2:17ÞFurthermore, we write the inequality (2.14) asj c13 þ c55 jj n1m1 þ n2m2 j< c55
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1m1  n2m2Þ2 þ ðn1m2 þ n2m1Þ2
q
þ ﬃﬃﬃﬃﬃﬃc33p 12 ðc11  c12Þðn1m1  n2m2Þ2 þ c66ðn1m2 þ n2m1Þ2 þ 12 ðc11 þ c12Þðn1m1 þ n2m2Þ2
 1=2
; ð2:18Þand hence, we havej c13 þ c55 j j n1m1 þ n2m2 jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm21 þm22Þðn21 þ n22Þ
q < c55 þ ﬃﬃﬃﬃﬃﬃc33p rm þ 12 ðc11 þ c12Þ ðn1m1 þ n2m2Þ
2
ðm21 þm22Þðn21 þ n22Þ
" #1=2
; ð2:19Þwhererm ¼ 12 minðc11  c12;2c66Þ > 0: ð2:20Þ
Thus, if we sety ¼ j n1m1 þ n2m2 jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm21 þm22Þðn21 þ n22Þ
q ; ð2:21Þ
then (2.18) is equivalent withj c13 þ c55 j y < c55 þ
ﬃﬃﬃﬃﬃﬃ
c33
p
rm þ 12 ðc11 þ c12Þy
2
 1=2
for all y 2 ½0;1: ð2:22ÞWe proceed now to obtain the restrictions on the elastic coefﬁcients imposed by the inequality (2.22). To this end we ﬁrst
observe that forj c13 þ c55 j y < c55; ð2:23Þ
the relation (2.22) is trivially satisﬁed. Thus, without loosing the generality, we shall assumec55
j c13 þ c55 j 6 y 6 1: ð2:24ÞIn view of (2.17), this last assumption is possible if and only if2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
< c13 < 2c55 or 0 < c13 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
: ð2:25ÞWith this in mind, the relation (2.22) is equivalent withf ðyÞ > 0 for all y 2 c55j c13 þ c55 j ;1
 
; ð2:26Þwheref ðyÞ ¼ 1
2
c33ðc11 þ c12Þ  ðc13 þ c55Þ2
 
y2 þ 2c55 j c13 þ c55 j yþ c33rm  c255: ð2:27ÞMoreover, we note thatf
c55
j c13 þ c55 j
 
¼ 1
2
c33ðc11 þ c12Þ c
2
55
ðc13 þ c55Þ2
þ c33rm; ð2:28Þand prove thatf
c55
j c13 þ c55 j
 
> 0: ð2:29ÞTo this end, we ﬁrst note that (2.29) is trivially satisﬁed when c11 þ c12 P 0. So, in what follows, we shall assume
c11 þ c12 < 0, that is2c66 < c11 þ c12 < 0: ð2:30Þ
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c55
j c13 þ c55 j
 
P
1
2
c33ðc11 þ c12Þ þ c33rm: ð2:31ÞFurthermore, if c11 6 c12 þ 2c66 then we have rm ¼ 12 ðc11  c12Þ and hence (2.31) impliesf
c55
j c13 þ c55 j
 
P c11c33 > 0; ð2:32Þwhile when c11 > c12 þ 2c66, we have rm ¼ c66 and (2.31) impliesf
c55
j c13 þ c55 j
 
P
1
2
c33ðc11 þ c12 þ 2c66Þ > 0; ð2:33Þin view of the assumption (2.30). Thus, we can conclude that the relation (2.29) is always trivially satisﬁed. If
1
2
c33ðc11 þ c12Þ  ðc13 þ c55Þ2 > 0; ð2:34Þthen f ðyÞ represents a quadratic function having a minimum at y ¼ ym, withym ¼ 
c55 j c13 þ c55 j
1
2 c33ðc11 þ c12Þ  ðc13 þ c55Þ2
< 0: ð2:35ÞIn view of the relation (2.29) and by recalling that c55 j c13 þ c55 j
1
2 c33ðc11 þ c12Þ  ðc13 þ c55Þ2
<
c55
j c13 þ c55 j < 1; ð2:36Þit follows that (2.26) is satisﬁed when (2.34) holds true. If1
2
c33ðc11 þ c12Þ  ðc13 þ c55Þ2 ¼ 0; ð2:37Þthen f ðyÞ represents a non-decreasing linear function and the relation (2.26) is satisﬁed in view of the relation (2.29).
Finally, let us consider the case1
2
c33ðc11 þ c12Þ  ðc13 þ c55Þ2 < 0: ð2:38ÞThen f ðyÞ represents a quadratic function having a maximum at y ¼ yM, withyM ¼
c55 j c13 þ c55 j
ðc13 þ c55Þ2  12 c33ðc11 þ c12Þ
> 0; ð2:39Þand, in view of the relation (2.29), it follows that (2.26) is satisﬁed if and only iff ð1Þ > 0: ð2:40Þ
Sincef ð1Þ ¼ c33 12 ðc11 þ c12Þ þ rm
 
 ðj c13 þ c55 j c55Þ2; ð2:41Þwe can conclude that the condition (2.26) is equivalent withðj c13 þ c55 j c55Þ2 < 12 c33ðc11 þ c12 þ 2rmÞ; ð2:42Þprovided the conditions (2.25) and (2.38) hold true. Summarizing, we can see that the relations (2.5), (2.9), (2.16), (2.17) and
(2.42) lead to the relations (1.6)–(1.8).
Conversely, starting with relations (1.6)–(1.8), by means of relations (2.27)–(2.40), we can conclude that (2.22) holds true.
Furthermore, this implies (2.14) and moreover, (2.12) and (2.4) hold true. Consequently, the strong ellipticity condition (2.1)
is satisﬁed and the proof of Theorem 1 is complete.
3. Strong ellipticity for tetragonal system C4 generated by Rp=2e3 (seven elasticities)
In order to prove the Theorem 2 we have to note that, by setting n1 ! n1 and m1 ! m1 the inequality (1.5) becomes
c11ðn21m21 þ n22m22Þ þ 2c12n1m1n2m2 þ c66ðn21m22 þ n22m21 þ 2n1m2n2m1Þ þ c55ðn21m23 þ n23m21 þ n22m23 þ n23m22Þ
þ 2ðc13 þ c55Þðn1m1 þ n2m2Þn3m3 þ c33n23m23  2c16½n1n2ðm21 m22Þ þm1m2ðn21  n22Þ > 0;
for all non-zero vectors m ¼ ðm1;m2;m3Þ and n ¼ ðn1;n2;n3Þ.
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placed upon the elastic coefﬁcients of the tetragonal system in discussion by the strong ellipticity condition (3.1). Therefore,
regarding (3.1) as a quadratic equation in n3 2 R we deducec55ðm21 þm22Þ þ c33m23 > 0 for all m ¼ ðm1;m2;m3Þ 6¼ 0; ð3:2Þ
c55ðn21 þ n22Þm23 þ c11ðn21m21 þ n22m22Þ þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2
 2c16½n1n2ðm21 m22Þ þm1m2ðn21  n22Þ > 0; ð3:3Þ
andðc13 þ c55Þ2ðn1m1 þ n2m2Þ2m23 < ½c55ðm21 þm22Þ þ c33m23fc55ðn21 þ n22Þm23 þ c11ðn21m21 þ n22m22Þ
þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2  2c16½n1n2ðm21 m22Þ þm1m2ðn21  n22Þg; ð3:4Þfor all non-zero vectors m ¼ ðm1;m2;m3Þ and n ¼ ðn1; n2; n3Þ.
As a direct consequence, from (3.2) we obtainc33 > 0; c55 > 0; ð3:5Þ
while the relation (3.3) impliesðc11m21 þ c66m22  2c16m1m2Þn21 þ 2½ðc12 þ c66Þm1m2  c16ðm21 m22Þn2n1 þ ðc66m21 þ c11m22  2c16m1m2Þn22 > 0: ð3:6Þ
By considering (3.6) as a quadratic in n1 2 R, we deducec11m21 þ c66m22  2c16m1m2 > 0;
c66m21 þ c11m22  2c16m1m2 > 0 for all ðm1;m2Þ 6¼ 0; ð3:7Þand½ðc12 þ c66Þm1m2  c16ðm21 m22Þ2 < ðc11m21 þ c66m22  2c16m1m2Þðc66m21 þ c11m22  2c16m1m2Þ for all ðm1;m2Þ 6¼ 0:
ð3:8ÞConsequently, the relation (3.7) impliesc11 > 0; c66 > 0; ð3:9Þ
j c16 j<
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c66
p
; ð3:10Þand inequality (3.8) can be written asðc11c66  c216Þðm21 m22Þ2  2c16ðc11 þ c12Þðm21 m22Þm1m2 þ ½ðc11 þ c66Þ2  4c216  ðc12 þ c66Þ2m21m22 > 0: ð3:11Þ
Furthermore, in view of the relation (3.10), we can rewrite (3.11) in the following form:ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c66  c216
q
ðm21 m22Þ 
c16ðc11 þ c12Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c66  c216
q m1m2
2
64
3
75
2
þ ðc11 þ c66Þ2  4c216  ðc12 þ c66Þ2 
c216ðc11 þ c12Þ2
c11c66  c216
" #
m21m
2
2 > 0;
for all ðm1;m2Þ 6¼ 0: ð3:12ÞTherefore, if we choose ðm1;m2Þ so as to have
ðc11c66  c216Þðm21 m22Þ  c16ðc11 þ c12Þm1m2 ¼ 0; ð3:13Þas it is possible, then we obtain the restrictionðc11 þ c66Þ2  4c216  ðc12 þ c66Þ2 
c216ðc11 þ c12Þ2
c11c66  c216
> 0; ð3:14Þand hence we havec216 4þ
ðc11 þ c12Þ2
c11c66  c216
" #
< ðc11  c12Þðc11 þ c12 þ 2c66Þ: ð3:15ÞFor later convenience we note that (3.15) implies ðc11  c12Þðc11 þ c12 þ 2c66Þ > 0 and hence, by recalling (3.9), we obtain
c11  2c66 < c12 < c11: ð3:16ÞMoreover, we can write (3.15) in the following equivalent formgðnÞ > 0; ð3:17Þ
4856 S. Chirita˘, A. Danescu / International Journal of Solids and Structures 45 (2008) 4850–4859wheregðnÞ  4n2  2½c11ðc11 þ c12Þ þ c66ð3c11  c12Þnþ c11c66ðc11  c12Þðc11 þ c12 þ 2c66Þ; ð3:18Þ
andn ¼ c216: ð3:19Þ
Further, we observe thatgðc11c66Þ ¼ c11c66ðc11 þ c12Þ2 < 0; ð3:20Þ
and gðnÞ ¼ 0 forn1 ¼
1
2
c66ðc11  c12Þ > 0; n2 ¼
1
2
c11ðc11 þ c12 þ 2c66Þ > 0: ð3:21ÞThus, in view of the relations (3.10) and (3.20), we can see that the inequality (3.17) is equivalent withc216 <
1
2
minðc66ðc11  c12Þ; c11ðc11 þ c12 þ 2c66ÞÞ: ð3:22ÞConcluding, we can note that the relation (3.14) is equivalent with (3.22). Obviously, we have1
2
minðc66ðc11  c12Þ; c11ðc11 þ c12 þ 2c66ÞÞ 6 c11c66: ð3:23ÞLet us now consider the relation (3.4) and note that it can be written asc33c55ðn21 þ n22Þm43 þ fc255ðm21 þm22Þðn21 þ n22Þ þ c11c33ðn21m21 þ n22m22Þ þ c33c66ðn21m22 þ n22m21Þ
þ 2c33ðc12 þ c66Þn1m1n2m2  2c33c16½n1n2ðm21 m22Þ þm1m2ðn21  n22Þ  ðc13 þ c55Þ2ðn1m1 þ n2m2Þ2gm23
þ c55ðm21 þm22Þfc11ðn21m21 þ n22m22Þ þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2  2c16½n1n2ðm21 m22Þ
þm1m2ðn21  n22Þg > 0; ð3:24Þfor all m3 2 R and for all non-zero vectors ðm1;m2Þ and ðn1;n2Þ. Therefore, if we setm23 ¼
1ﬃﬃﬃﬃﬃﬃ
c33
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21 þm22
n21 þ n22
s
fc11ðn21m21 þ n22m22Þ þ c66ðn21m22 þ n22m21Þ þ 2ðc12 þ c66Þn1m1n2m2  2c16½n1n2ðm21 m22Þ
þm1m2ðn21  n22Þg1=2; ð3:25Þ
into relation (3.24), we deducej c13 þ c55kn1m1 þ n2m2 j<c55
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm21 þm22Þðn21 þ n22Þ
q
þ ﬃﬃﬃﬃﬃﬃc33p fc11ðn1m1  n2m2Þ2 þ c66ðn1m2 þ n2m1Þ2
 2 j c16ðn1m1  n2m2Þðn1m2 þ n2m1Þ j þ2ðc12 þ c11Þn1m1n2m2g1=2; ð3:26Þ
for all non-zero vectors ðm1;m2Þ and ðn1;n2Þ.
For later convenience we note that the relation (3.26), with n1 ¼ km1, k 2 R and n2 ¼ m2 ¼ 0, furnishes
2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
< c13 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p
: ð3:27ÞAt this instant we write the inequality (3.26) asj c13 þ c55kn1m1 þ n2m2 j< c55
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1m1  n2m2Þ2 þ ðn1m2 þ n2m1Þ2
q
þ ﬃﬃﬃﬃﬃﬃc33p 12 ðc11  c12Þðn1m1  n2m2Þ2 þ c66ðn1m2 þ n2m1Þ2  2 j c16ðn1m1  n2m2Þðn1m2 þ n2m1Þ j

þ1
2
ðc11 þ c12Þðn1m1 þ n2m2Þ2
1=2
: ð3:28ÞOn the other hand, we havexm½ðn1m1  n2m2Þ2 þ ðn1m2 þ n2m1Þ2 612 ðc11  c12Þðn1m1  n2m2Þ
2 þ c66ðn1m2 þ n2m1Þ2
 2 j c16ðn1m1  n2m2Þðn1m2 þ n2m1Þ j
6 xM ½ðn1m1  n2m2Þ2 þ ðn1m2 þ n2m1Þ2; ð3:29Þwherexm ¼ 14 c11  c12 þ 2c66 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11  c12  2c66Þ2 þ 16c216
q 
; ð3:30Þ
xM ¼ 14 c11  c12 þ 2c66 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11  c12  2c66Þ2 þ 16c216
q 
: ð3:31Þ
S. Chirita˘, A. Danescu / International Journal of Solids and Structures 45 (2008) 4850–4859 4857Therefore, the inequality (3.28) is equivalent withj c13 þ c55 j j n1m1 þ n2m2 jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm21 þm22Þðn21 þ n22Þ
q < c55 þ ﬃﬃﬃﬃﬃﬃc33p xm þ 12 ðc11 þ c12Þ ðn1m1 þ n2m2Þ
2
ðm21 þm22Þðn21 þ n22Þ
" #1=2
: ð3:32ÞSuch inequality can be treated in a manner similar with that used in the above section for the inequality (2.19). Concluding,
we ﬁnd that (3.26) is equivalent withðj c13 þ c55 j c55Þ2 þ 14 c33
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11  c12  2c66Þ2 þ 16c216
q
<
1
4
c33ð3c11 þ c12 þ 2c66Þ; ð3:33Þprovidedj c13 þ c55 jP c55; 0 6 c11 þ c12 < 2c33 ðc13 þ c55Þ
2
: ð3:34ÞThus, by means of the relations (3.5), (3.9), (3.10), (3.22), (3.27), (3.33) and (3.34), we can conclude that the relations (1.9)–
(1.12) hold true.
Conversely, we start with the relations (1.9)–(1.12). Then relation (1.12) implies that (3.32) holds true and hence
3.26 is true. On this basis we deduce that (3.24), and hence (3.4), are true. Furthermore, by means of (1.9)–(1.11)
we can conclude that (3.2) and (3.3) are true. Consequently, relation (3.1) is true and so the proof of Theorem 2 is
complete.
4. Reduction to the tetragonal system with six elasticities
It is well known that, by means of a coordinate transformation, any elastic tensor of tetragonal symmetry with seven elas-
ticities can be always reduced to an elastic tensor of tetragonal symmetry with six independent elasticities. With this idea in
mind we proceed in what follows to establish Theorem 2 by using the results described in Theorem 1. To this end we con-
sider a rotation Rhe3 of the Cartesian system and note that the system of non-zero components of the elasticity tensor with
respect to this new Cartesiayn system are as follows:c011 ¼ c022 ¼
1
4
½3c11 þ c12 þ 2c66 þ ðc11  c12  2c66Þ cos 4hþ 4c16 sin 4h;
c012 ¼
1
4
½c11 þ 3c12  2c66  ðc11  c12  2c66Þ cos 4h 4c16 sin 4h;
c066 ¼
1
4
½c11  c12 þ 2c66  ðc11  c12  2c66Þ cos 4h 4c16 sin 4h;
c016 ¼ c026 ¼
1
4
½ðc11  c12  2c66Þ sin 4hþ 4c16 cos 4h;
c013 ¼ c023 ¼ c13; c033 ¼ c33; c044 ¼ c055 ¼ c55: ð4:1Þ
In view of the fact that we assume c16 6¼ 0, we can setc11  c12  2c66 ¼ . cosu; 4c16 ¼ . sinu; ð4:2Þ
where. ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11  c12  2c66Þ2 þ 16c216
q
: ð4:3ÞThen we havec011 ¼ c022 ¼
1
4
½3c11 þ c12 þ 2c66 þ . cosð4huÞ;
c066 ¼
1
4
½c11  c12 þ 2c66  . cosð4huÞ; c012 ¼
1
4
½c11 þ 3c12  2c66  . cosð4huÞ; ð4:4Þ
c016 ¼ c026 ¼ 
1
4
. sinð4huÞ: ð4:5ÞNow, we choose the angle of rotation h in such a way that c016 ¼ 0, that is we have only six elastic coefﬁcients and so we can
reduce the problem of characterization of the strong ellipticity for the class with seven coefﬁcients to that with six coefﬁ-
cients. This means we have4hu ¼ jp; j 2 f0;1g; ð4:6Þ
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1
4
ð3c11 þ c12 þ 2c66 þ .Þ;
c066 ¼
1
4
ðc11  c12 þ 2c66  .Þ; c012 ¼
1
4
ðc11 þ 3c12  2c66  .Þ;
c016 ¼ 0; c013 ¼ c023 ¼ c13; c033 ¼ c33; c044 ¼ c055 ¼ c55; ð4:7Þ
for j ¼ 0 andc011 ¼ c022 ¼
1
4
ð3c11 þ c12 þ 2c66  .Þ;
c066 ¼
1
4
ðc11  c12 þ 2c66 þ .Þ; c012 ¼
1
4
ðc11 þ 3c12  2c66 þ .Þ;
c016 ¼ 0; c013 ¼ c023 ¼ c13; c033 ¼ c33; c044 ¼ c055 ¼ c55; ð4:8Þ
for j ¼ 1.
In view of Theorem 1, the strong ellipticity is characterized by the conditionsc011 > 0; c
0
33 > 0; c
0
55 > 0; c
0
66 > 0; ð4:9Þ
 2c066  c011 < c012 < c011; ð4:10Þ
 2c055 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c011c
0
33
p
< c013 <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c011c
0
33
p
; ð4:11Þand, for ðc013 þ c055Þ2 > 12 maxð2c0255; c033ðc011 þ c012ÞÞðj c013 þ c055 j c055Þ2 <
1
2
c033½c011 þ c012 þminðc011  c012;2c066Þ: ð4:12ÞIn what follows we will prove Theorem 2 by means of the results expressed by Theorem 1.
To this end, we ﬁrst assume the relation (4.7) holds true. Then we note that a direct substitution of the relation (4.7) into
(4.12) leads to the relation (1.12) of Theorem 2. Furthermore, the substitution of (4.7) into (4.9)–(4.11) read asc33 > 0; c55 > 0; ð4:13Þ
3c11 þ c12 þ 2c66 þ . > 0; ð4:14Þ
c11  c12 þ 2c66 > . > 0; ð4:15Þ
c011  c012 ¼
1
2
ðc11  c12 þ 2c66 þ .Þ > 0; ð4:16Þ
c011 þ c012 þ 2c066 ¼
1
2
ð3c11 þ c12 þ 2c66  .Þ > 0; ð4:17Þ
 2c55 6 c13 < 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c33ð3c11 þ c12 þ 2c66 þ .Þ
p
; ð4:18Þ
 2c55 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
c33ð3c11 þ c12 þ 2c66 þ .Þ
r
< c13 < 2c55: ð4:19ÞAt this stage we have to outline that the relations (4.14) and (4.16) are always satisﬁed on the basis of the relations (4.15)
and (4.17). Moreover, the relations (4.15) and (4.17) becomec216 <
1
2
c66ðc11  c12Þ; ð4:20Þ
c216 <
1
2
c11ðc11 þ c12 þ 2c66Þ; ð4:21Þand hence the relation (1.10) is satisﬁed. Since c11  c12 þ 2c66 > 0, the relation (4.20) implies
c66 > 0; ð4:22Þ
c11 > c12: ð4:23ÞIn the same manner, the relation (4.21) furnishesc11 > 0; ð4:24Þ
c11 þ c12 þ 2c66 > 0: ð4:25ÞThe relations (4.18) and (4.19) are identically satisﬁed in view of the relation (1.12).
Thus, summarizing these results we can see that relations (4.9)–(4.12) lead to the necessary and sufﬁcient conditions
(1.9)–(1.12) established in Theorem 2 and characterizing the strong ellipticity of the elastic tensor in the tetragonal system
with seven elasticities.
A similar discussion can be formulated for the case j ¼ 1.
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